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THE VON NEUMANN KERNEL AND MINIMALLY

ALMOST PERIODIC GROUPS

BY

SHELDON ROTHMAN

Abstract. We calculate the von Neumann kernel n(G) of an arbitrary connected

Lie group. As a consequence we see that the closed characteristic subgroup n(G) is

also connected. It is shown that any Levi factor of a connected Lie group is closed.

Then, various characterizations of minimal almost periodicity for a connected Lie

group are given. Among them is the following. A connected Lie group G with

radical R is minimally almost periodic (m.a.p.) if and only if G/R is semisimple

without compact factors and G = [G, G]~. In the special case where R is also

simply connected it is proven that G = [G, G]. This has the corollary that if the

radical of a connected m.a.p. Lie group is simply connected then it is nilpotent.

Next we prove that a connected m.a.p. Lie group has no nontrivial automorphisms

of bounded displacement. As a consequence, if G is a m.a.p. connected Lie group,

H is a closed subgroup of G such that G/H has finite volume, and a is an

automorphism of G with disp(a, H) bounded, then a is trivial. Using projective

limits of Lie groups we extend most of our results on the characterization of m.a.p.

connected Lie groups to arbitrary locally compact connected topological groups,

and finally get a new and relatively simple proof of the Freudenthal-Weil theorem.

0. Introduction. In 1934 J. von Neumann in [21] considered the set of all elements

of a topological group G for which/(x) = /(l) for every almost periodic function,/

defined on G. This subset, to be denoted n(G), and referred to as the von

Neumann kernel of G, was shown to be equal to the intersection of the kernels of

all finite-dimensional continuous complex unitary representations of G; and since a

unitary representation is completely reducible we need only consider irreducible

representations in this intersection. Hereafter, all representations in §1, §2, and §4

will be finite-dimensional continuous complex unitary representations. Since n(G)

is the intersection of closed normal subgroups of G, it is itself a closed normal

subgroup of G. Moreover, «(G) is a characteristic subgroup of G. For if x E n(G)

and a is an automorphism of G then for any representation, p, of G, (p ° a)(x) = I,

the identity automorphism of G, since p ° a is also a representation of G.

Von Neumann calls a topological group, G, minimally almost periodic, (m.a.p), if

n(G) = G, implying G has no nontrivial representations (equivalently, no irreduci-

ble representations), and maximally almost periodic, (MAP), if n(G) = (1). The

latter is equivalent to the statement that the representations (equivalently, the

irreducible representations) separate the points. It is well known that both compact

and locally compact abelian topological groups are MAP [12].
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In 1936 H. Freudenthal, in [3], gave a necessary and sufficient condition for a

connected topological group with countable open basis to be MAP. A. Weil's paper

of 1941 [26] enables one to remove the separability restriction giving the following

(Freudenthal-Weil) theorem. A locally compact connected topological group G is

MAP if and only if it is the direct product of a vector group and a compact group.

Since G/n(G) is clearly MAP, from the Freudenthal-Weil theorem every locally

compact connected group G fits into a short exact sequence (1)—* n(G)—* G—* V

X F -> (1) where F is a vector group and F is a compact group.

In particular, if G is an analytic group G/n(G) has a faithful finite-dimensional

continuous unitary representation, see e.g. [11]. As we shall see in §1, Corollary 1.8,

n(G) itself fits into an exact sequence

(1) -*[ R, R] - 4. n(G) Z Vf ■ tr(S) -> (1).

Various generalizations of the Freudenthal-Weil theorem for locally compact

topological groups which are almost connected, i.e., G/G0 is compact where G0 is

the identity component of G, are provided by M. Kuranishi [15], S. Murakami [20],

and S. Grosser and M. Moskowitz [11]. Very recently, T. J. Huang in [13] gave a

characterization of MAP groups in terms of transformation groups which implies

several of the above-mentioned authors' results.

In 1940 J. von Neumann and E. P. Wigner in [22] calculated n(G) for various

groups, and in particular showed that Sl(2, R) even discretely topologized is m.a.p.

This was generalized by B. L. van der Waerden in [25] to any semisimple Lie group

without compact factors. It follows for a connected semisimple Lie group G that

n(G) is equal to the maximal compact connected normal subgroup of G.

Very recently in [4] H. Furstenberg gave a generalization (with a new proof) of

the Borel density theorem, see e.g. [23], and its consequences to m.a.p. groups. This

was further generalized by M. Moskowitz in [19]. One of the motivations for the

present paper was to understand exactly the generality achieved by Furstenberg, at

least in the case of connected groups.

In the present paper all groups will be assumed to be topological groups, and as

mentioned previously all representations in §1, §2, and §4 are finite-dimensional

continuous complex unitary representations and all automorphisms are bicontinu-

ous. (However, in §3 one considers continuous finite-dimensional but not neces-

sarily unitary representations.) For a group G and a subgroup H we establish the

following notation. If G is locally compact and connected, the radical of G is the

largest closed connected solvable normal subgroup of G (see K. Iwasawa, [14], for

the existence of the radical).

The derived of G is denoted [G, G] with [G, G]~ being its closure. Z(G) is the

center of G and ZG(H) is the centralizer of H in G. G0 will be the identity

component of G, and G will denote the collection of continuous finite-dimensional

complex irreducible unitary representations of G. We say that an automorphism, a,

of G, is of bounded displacement if for all g E G, a(g)g~x lies in some fixed

compact set. In [7], F. P. Greenleaf and M. Moskowitz introduced the idea of the

//"-displacement of a, defined to be disp(a, H) = {a(A)A_1: A G H}. For two
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groups A and B, C = A X^B denotes the semidirect product of A and B where A

is normal in C and n: B -h> Aut(^4) is a homomorphism.

We now give a summary of results to be proved in this paper.

§1 is devoted to the calculation of the von Neumann kernel of an arbitrary

connected Lie group. To do this it is necessary among other things to know that the

Levi factor is closed. We conclude §1 with the observation that «(G) is connected.

In §2 we give various characterizations of minimal almost periodicity for a

connected Lie group. The results of the previous section enable us to restrict

ourselves to the case where G has an abelian radical. Here, orbit considerations are

the basis for the arguments. Among the characterizations is the following. A

connected Lie group G with radical R is m.a.p. if and only if G/ R is semisimple

without compact factors and G = [G, G]~.

We prove in the special case where R is also simply connected that G = [G, G].

This has the corollary that a simply connected radical of a connected m.a.p. Lie

group is nilpotent.

In §3 we prove using the techniques of M. Moskowitz [18] together with a

theorem of J. Tits [24] that a connected m.a.p. Lie group has no nontrivial

automorphisms of bounded displacement. As a consequence we get a generaliza-

tion of one of the results of F. P. Greenleaf, M. Moskowitz, and L. P. Rothschild

[9, Corollary 5]. Namely: If G is a m.a.p. connected Lie group and H is a closed

subgroup of G such that G/H has finite volume, and if disp(a, H) is bounded then

a is trivial. This is a generalization of Selberg's original form and gives a new proof

of the corresponding result in [4]. This type of theorem will be dealt with in the

case of an arbitrary connected Lie group by F. P. Greenleaf and M. Moskowitz in

[7].
In §4 making use of a decomposition due to Y. Matsushima [16], and projective

limits of Lie groups, we extend most of the results of §2 to arbitrary locally

compact connected topological groups. We get as a corollary a new and relatively

simple proof of the Freudenthal-Weil theorem.

Before proceeding I would like to thank my thesis advisor Professor M. Mosko-

witz for proposing many of the questions that are answered in the following pages

and for all of his help throughout the writing of this paper.

1. Characterization of n(G) for a connected group. Given a connected Lie group

G, we let G = R • L be its Levi decomposition where R is the radical, and L = KS

is the decomposition of the Levi factor into compact and noncompact parts. Let

[R, R]~ denote the closure of the derived of R. Since [R, R]~ is a characteristic

subgroup of G we may form the projection it: G —> G/[R, R]~. In the quotient

G/[R, R]~ we have the connected abelian radical R/[R, R]~ which by well-

known structure theorems can be written as V X F where V is a vector group and

F is a toroidal group, the F being characteristic in G/[R, R]~. To see that F is

actually fixed under the induced action of it(L), (the Levi factor of G/[R, R]~), on

R/[R, R]~, consider the continuous homomorphism from this Levi factor into the

automorphism group of F, Aut(F), defined for g G tr(L) by g-> ag\T. The image,

B — {ag\T}gS„(Ly is a connected subgroup of the discrete group Aut(F) and
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therefore B = (1). This implies that ag\T = / for all g E ir(L) and hence that F is

centralized by tr(L). So, F is w(L)-fixed. The semisimple group ir(L) acts by

conjugation on V X F and since F is stable, H. Weyl's theorem on complete

reducibility will enable us to replace V by a vector group of the same dimension,

also to be denoted V, which is 7r(Z,)-stable. To see this, let 91, 9, and £ denote the

Lie algebras of R/[R, R]~, T, and ■n(L), respectively. For any representation, p, of

tt(L), its differential, dp, is a linear representation of £ such that for any subalgebra

% of £ with corresponding connected Lie subgroup H of w(L),

(*) dp(t)(%) G % if and only if p(tt(£))(//) ç //. Specifically, if for each

/ G w(£), p(l) acts by conjugation on R/[R, R]~ then since p(tr(L))(T) G T, (*)

implies dp(t)(9) G 9. Then since dp is a linear representation of the semisimple

Lie algebra £, by Weyl's theorem [12, Theorem 2.3, p. 125], 9 must have an

£-stable complement in 91, written as T. Evidently, by (*), the connected sub-

group of R/[R, R]~ having T as its Lie algebra can be chosen as our 7r(L)-stable

V.

Moreover, this implies since R/[R, R]~ is abelian that V is normal in

G/[R, R]~. We let Vf denote the set of all elements of V which have finite

w(F)-orbit. Vf is evidently a normal subgroup of G/[R, R]~ since it is also

7r(L)-stable. Arguing as above, from Weyl's theorem it must have a normal

77(L)-stable complement in G/[R, R]~, written as Vy. Because ir(L) ■ v, where •

indicates the action of conjugation, is a connected set for each v E V, if v G Vp

then tt(L) ■ v is a finite and connected set and hence must be a point. Thus, every

element of Vf is actually w(L)-fixed.

Using the notations above our first theorem is

Theorem 1.1. If G is a connected Lie group then n(G) = w~x(Vy ■ ir(S)).

In particular,

Theorem 1.2. If the radical of G is abelian, n(G) = Vy ■ S.

For the proofs of these theorems we require the following lemma.

Lemma 1.3. If G is a connected Lie group with Levi decomposition, G = R ■ KS,

then both S and [R, Ry are contained in n(G). If R is abelian, Vy is also contained

in n(G).

Proof of Lemma 1.3. Let p be an irreducible representation of G. The restriction

of p to S is a representation of 5", and since S is m.a.p. must be trivial on S. Thus,

S < n(G).

Similar to a method in [11] (see proof of Theorem 5.4), we apply A. H. Clifford's

theorem [2, Theorem 1] to the normal subgroup F of G and,

p\r = "(x © conjugates of x),

where v is a natural number, and x is an irreducible representation of R (clearly, p

being continuous and unitary implies the same for x and its conjugates). By Lie's

theorem [12, Theorem 1.3, p.  119], x and its conjugates, xg> being irreducible,
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implies xs([P, R]) = (1). and so by continuity xg([^, R]~) = (')• Thus p([R, R]~)

= (1) and hence [R, R]~ G n(G).

The standard identification of V with V is given by the map w -» Xw where

Xw(v) = exp(z<w, «» (where < , > is the inner product on V). If R is abelian, then

Vy1- is a normal subgroup of G, and then by Clifford's theorem,

p\ v/- = "oiXw © conjugates of xj,    for some w E Vy,

where p0 is a natural number, and up to equivalence all conjugates must occur.

Here, equivalence means equality since the irreducible representations of V are

one-dimensional, and x„, = Xw if and only if wx = w2. Since the L-orbit of xw IS

infinite for all 0 =£ w G Vfx, and p is finite-dimensional p\v± = v0x0 = Id ■ Thus,

Vy G n(G). This completes the proof of Lemma 1.3.

Proof of Theorem 1.1. We begin the proof by the reduction to the case of an

abelian radical. We show that rr~x(n(G/[R, R]~)) = n(G). Let <b be an irreducible

representation of G. By Theorem 1.2, <b([R, R]~) = (1), and therefore (b induces a

continuous representation <i> of G/[R, R]~, such that <¡> = ^ ° it. Let v G

n-\n{G/[R, R]~)). Then, -u(y) E n(G/[R, R]~), and since <b(y) = tfwOO), <b(y)

= 1 and therefore v G n(G). Thus, -n~x(n(G/[R, R]~)) G n(G). Let x E n(G) and

let p be an irreducible representation of G/[R, R]~. Then, p ° tt is a representation

of G, and therefore (p ° w)(x) = 1. This implies p(rr(x)) = 1 and since p was

arbitrary, it(x) E n(G/[R, R]~). Then, x E w_1(«(G/[F, F]~)), and «(G) Ç

w_1(«(G/[F, F]")). The two inclusions imply that «(G) = ir~x(n(G/[R, R]~)).

To complete the proof of Theorem 1.1 it remains to prove for G = (V X F) •

7t(L) that n(Gq(G)) = l^ • ■n-(S). This will follow immediately from Theorem 1.2.

However, we require some preliminary results.

As in [10] one says a group G is a Z-group if G/Z(G) is compact. Now by [10,

Theorem 4.3] a connected group G is MAP if and only if it is a Z-group.

Theorem 1.4. If G is a connected Lie group then any Levi factor L is closed}

Proof. Let NG(L) denote the normalizer of L in G and let £ be its Lie algebra.

First, NG(L) is closed. For if xn -> x and xn E NG(L) then Ad *„(£) G £. But

Ad xn -* Ad x and since £ is a linear subspace of 21, the Lie algebra of G, and so

closed in 21, Ad x(t) G £. This means that x E NG(L) since L is an analytic

group. Now as a closed subgroup of the Lie group G, NG(L) is also a Lie group.

Hence NG(L)0, its identity component, is open, and therefore closed in NG(L). This

means NG(L)0 is closed in G. But L is connected and L G NG(L). Therefore

L G NG(L)0 G G. Moreover, L is a maximal semisimple analytic subgroup of

NG(L)0. It is one since it is a maximal semisimple analytic subgroup of G. If L'

were a larger one in NG(L)0 it would be a larger one in G. Thus L is a Levi factor

of the closed connected Lie subgroup NG(L)0. If L were closed in NG(L)0 we would

be through, and since L is clearly normal in NG(L)0 we may assume L is normal in

G. Now Z(L) is characteristic in L and therefore also normal in G. Since L is

semisimple Z(L) is discrete. As a discrete normal subgroup of the connected group

This may be well known although references are scarce.
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G, Z(L) is central in G. Therefore, it: G-» G/Z(L) is a covering map. In the

connected group G/Z(L) the Levi factor is clearly L/Z(L). Since L/Z(L) is

isomorphic to the linear semisimple Lie group Ad(L), it is closed in G/Z(L)

[5, Lemmas 4 and 5]. Therefore, -n'x(L/Z(L)) is closed by continuity. But this is

just L.

Lemma 1.5. (a) Assume that H is a closed normal subgroup of G and that

H G n(G). If G/H is MAP, then H = «(G).

In particular,

(b) Let G be a connected reductive Lie group with Levi decomposition G = Z(G) ■

KS. Then «(G) = S.

Proof, (a) By lifting representations of the maximally almost periodic group

G/H to G we can separate all points of G not in H. Thus, H = «(G).

(b) S is clearly normal in G, and since 5 is closed in KS [6, Theorem 1] and KS is

closed in G (Theorem 1.4), S is closed in G. Also, ZK is closed since K is compact.

Therefore, G/S = (Z • KS)/S = (Z ■ K)/(Z- K n S) by the Second Isomor-

phism Theorem. Since Z • K is evidently a Z-group so is Z • K/(Z • K n S). Thus,

G/S is also a Z-group and therefore MAP. Hence, S = «(G). This completes the

proof of the lemma.

Before proceeding with the proof of Theorem 1.2 we require the following

Proposition 1.6. // G and H are two topological groups then n(G X H) = «(G)

X n(H).

Proof. Let (g, A) G n(G X H) and let p G G, a G H. Now, id ® a G

(G X //y, /? <S) id G (G X //)" (where id is the identity representation). So,

(id ®a)(g, h)= I ® o(h) = / and (p ® id)(g, A) = p(g) ® / = /. Then, since i ®

a(A) and p(g) <8> / both have one point spectrums the same must be true of o(h)

and p(g). But, a(h) and p(g) are unitary matrices and so diagonalizable, individu-

ally. Therefore, o(h) and p(g) are scalars. It now follows that a(h) = p(g) = F

Then, «(G X H) G «(G) X n(7/).

For the other inclusion let (g, h) E n(G) X n(H). Then for any p X a G

(G X H)', (p<S> o)(g, A) = p(g) ® a(A) = I ® I = I. But every element of

(G X //)" is the tensor product of an element of G with an element of H, (see e.g.

[1, Lemma 3.67]). Thus, «(G) X n(H) G n(G X H).

Proof of Theorem 1.2. We begin the proof in the case where G can be written

as (V X T) XVL. Here it will be shown that G is isomorphic to F X (V XVL).

Once this has been established then n(T X (V X^L)) = n(T) X n(V X^L) = (1)

X n(V XVL). The first equality follows from Proposition 1.6 and the second

equality holds since F is compact and hence MAP. Thus, we may assume F is

trivial. To see the isomorphism, define the map <j>{((v, t), I)} = (t,(v, /)); v E V,

t E T, l G L. It is clear that <f> is a homeomorphism of (V X T) X^L onto

F X (V xnL). It is also a homomorphism in view of the fact that V is F-stable and

T is L-fixed. Thus, G is isomorphic to T X (V X^L).

Assuming F is trivial, we have G = V X^L. From Lemma 1.3 both S and Vy
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are contained in «(G) and so Vy x^S, the group generated by Vy and S is

contained in «(G). We use the notation of Lemma 1.3 for the standard identifi-

cation of V with V. Consider the action of G on V.

X(vJ)(V) = X((t>, l)(v', l)(v, /)"') = x(n(l)(v'))

where (v, l) G G, v' G V, x G F. For u, w G V, l G L, and v an irreducible

representation of L, since xw acts on V by scalars, XhX^) and v(l) commute.

Therefore, for each w E V, xw ® v is a representation of G if and only if for all

I E L,v E V,

Xw(n(l)(v)) = x»- (1)

From [11, Theorem 5.4] for (v, I) E G,w E V, xwv'0 = x(n(l)'(w)) and therefore x«,

is L-fixed if and only if w is L-fixed. So (1) holds if and only if w E V¡. Clearly, for

such w the representation Xw ® v is continuous and unitary, and irreducible

because v is already irreducible.

Let (v, I) E G, where / G S. We show that (t>, /) G «(G). Since / G S and

5 = «(F) (Lemma 1.5(b)), there exists an irreducible representation v, of L such

that ?,(/) * /. But then (Xo ® *,X»> 0 = Xo(«)"/(0 = 1 ' "/(0 * h and (v, I) £

«(G). Consider an element (v, l) E G with v G FyX. Then, v = v¡ + vy, with

0 t^ ty G F^ and vy G Fx. For w E Vy, xw(v) = exP 'X*>> vv). Therefore, when

(vf + vy, w) (= <ty, h>> + <©/, w» G Z then xw(v) * *• But> <*>/> w> = ° since

w G P^. Now, for t E R, <ty, ft^) = i||ty||2, and because t varies continuously, for

some / = t', i'Htyll2 G Z. Choose w = t'vf E Vf. Then, xw(v) ¥= 1. Calculating,

(X«, ® id)(ü, /) = Xw(v) 1*1, and so (v, I) <£ n(G). We have proven that Vy

XVS G n(G) and that an element (v, l) E G - (Vy X^S) is not in «(G). There-

fore, «(G) = Vy1 XVS. This completes the proof of Theorem 1.2 in the case where

G can be written as F XVL.

For the general case of Theorem 1.2 we require:

Proposition 1.7. Assume G is as in Theorem 1.2. FAe« the subgroups Vy • L,

Vy' ■ TL, and Vy ■ S are all closed in G.

Proof. We first prove that Vy ■ L is closed in G.

Case 1. Z(L) is finite. Then Z(TL) = TZ(L) is compact. Now V n TL is a

discrete central subgroup of TL and therefore finite. But V contains no finite

subgroups and therefore V n TL = (1). Since G = V ■ TL and V is normal in G,

G = V X TL. In particular as a space G = V X TL. Since Vy is closed in V and

L is closed in G, by Theorem 1.4, and therefore in TL, Vy • L is closed in G.

Case 2. In general the semisimple group L acts linearly, by conjugation on Vy.

Since a semisimple linear group must have finite center [12, Proposition 4.1, p. 221]

there exists a subgroup T of finite index in Z(L) which acts trivially on Vy. Now

Vf and F are contained in Z(G) and G is generated by V¡, Vy, T, and L. Hence,

T G Z(G). Let 77: G —» G/r be the canonical projection. Since Z(L) is discrete so

is T, and <n is actually a covering map. Because T G L, ir~x(ir(Vy • L)) = Vy ■ L

and therefore by continuity of m it is sufficient to show tr(Vy ■ L) = m(Vy) ■ tr(L)

is closed in G/T. But V} and Vy are chosen via Weyl's theorem from the Lie
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algebra 21, and therefore they are the same in G/T, i.e. w(Vf) is the "Vf of G/T

and w(Vf) is the "Vy" of G/T. Also, 7r(Rad(G)) = Rad(G/T) and therefore

Rad(G/r) is abelian. We have ir(L) is a Levi factor of G/T, but tr(L) = (Lr)/r s

L/T is a semisimple group with finite center. By Case 1, Tt(Vf) ■ ir(L) is closed

and Vf ■ L is closed in G.

Now py1 ■ L- T = Vy ■ TL is also closed since F is compact and Vf ■ L is

closed in G.

Finally we prove Vy ■ S is closed. Since Vy ■ T ■ L is closed and Vy n TL =

(1) we know Vy ■ TL = K/- X^FL. In particular as a space Vf ■ TL = Vf X

TL. Now 5" is closed in L. Therefore, since L is closed in TL (in fact in G), it

follows that S is closed in TL. Hence, Vf ■ S is closed in Vf ■ TL and so also in G.

This completes the proof of the proposition.

To complete the proof of Theorem 1.2, we construct the group G = R xvL,

where the action is conjugation in the group G, and define the map <¡>{(r, I)} =

(r, /). It is a continuous open homomorphism of G onto G mapping the subgroup

Vf XVS of G onto the subgroup Vf • S of G. Earlier in the proof we showed that

«(G) = Vf xvS. Then, Vf X^S is a (closed) normal subgroup of G. Therefore,

J^-"1 • S is a normal subgroup of G and moreover by Proposition 1.7 it is closed in G

as well. We can therefore form G/(Vf ■ S) and we let ¡j>: G/(Vf X^S)-»

G/(Vf • S) be the homomorphism induced from <b. The group G/Vf XVS is a

connected MAP group, and hence a Z-group. The homomorphic image,

G /' (Vf ■ S), of G /(Vf X^S), under <|>, must consequently be a connected Z-

group as well. Hence, G/(Vf ■ S) is MAP, and by Lemma 1.3, both S and Vf are

contained in «(G). Thus, Vf • S is contained in «(G) and so «(G) = Vf • S

(Lemma 1.5(a)). This completes the proof of Theorem 1.2.

Proof of Theorem 1.1. We have shown that ir~x(n(G)/[R, R]~) = «(G). By

Theorem 1.2, n(G)/[R, R]~ = Vf ■ tr(S). Therefore, «(G) = v~\Vf ■ -n(S)), and

Theorem 1.1 is proven.

The following corollary more or less gives the structure of n(G).

Corollary 1.8. // G is a connected Lie group, then «(G) is a closed, characteris-

tic, and connected subgroup of G. In fact one has the exact sequence

(1) _>[ R, A]" -4 «(G) i Vf ■ tt(S) -* (1).

Proof. Since [R, R]~ is closed in «(G) and «(G)/[F, R]~ = P}-1 • tt(5) and

[R, R]~ and f^-1 • 77(5) are connected so is «(G).

In particular, «(G) has as Levi factor the noncompact part of a Levi factor of G.

In particular, if G has a compact Levi factor then «(G) is solvable. In this case, the

index of solvability of «(G) < index of solvability of R.

In particular,

Corollary 1.9. // G has abelian radical and compact Levi factor then n(G) is a

vector group, namely Vf. In this case, dim «(G) ¥= 1.

Proof. It is sufficient to show dim Vf =£ 1. Suppose to the contrary that

dim Vf = 1. Then there exists a vector 0 J= v0 E Vf such that v0 is a basis of Vf.
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For each k G K, i\(k) is nonsingular and hence r¡(k)(v0) =£ 0. Therefore, there is a

continuous homomorphism <b: K —» Rx (the nonzero real numbers), such that

T)(k)(v0) = <¡>(k)v0,       kEK. (2)

So, <p(K) is a compact connected subgroup of Rx, and therefore, <b(K) = (1). This

implies, from (2), that t>0 G Vf. This is a contradiction and so dim Vf ^ 1.

2. Minimally almost periodic groups. In this section we give various characteri-

zations of minimally almost periodic groups, (m.a.p.), i.e., those where «(G) = G.

Lemma 2.1. Let G be a connected Lie group. Then G is m.a.p. if and only if

G/[R, R]~ is m.a.p.

Proof. Since «(G) = 7r"'(«(G/[F, R]~)), if G/[R, R]~ is m.a.p. we have «(G)

= 7T-I((G/[F, R]~)), but the latter is G. Thus G is m.a.p. Conversely, if G is

m.a.p., then so is the quotient group G/[R, R]~.

Since Lemma 2.1 enables us to consider groups with abelian radicals we now

come to:

Theorem 2.2 Let G be a connected Lie group with Levi decomposition G = R ■

KS. Then the following are equivalent.

(i) G is m.a.p.

(ii) G/[R,R]~ can be written as V■ tt(S) with all nonzero elements of V of

unbounded -n(S)-orbit.

(iii) G/R has no compact factors and every nonzero element of R/[R, R]~ is of

unbounded tr(S)-orbit.

(iv) G/R has no compact factors and[R, R]~ = {r E R: [G, r] G [R, R]~}.

(v) G/R has no compact factors and G = [G, G]-.2

Proof (i—>ii). If G is m.a.p., then G/[R, Ry is m.a.p. and so the semisimple

group G/[R, R]~/R/[R, R]~ is m.a.p. and hence by Lemma 1.5 has no compact

factors. Therefore, G/[R, R]~ has Levi decomposition G/[R, R]~ = R/[R, R]~ •

ir(S) and n(G/[R, R]~) = Vf ■ tr(S) (see Theorem 1.2). Thus since G/[R, R]' is

m.a.p., R/[R, R]~ ■ ir(S) = Vf ■ n(S), which implies that F = (1) and R/[R, R]~

= vf = V. So, G/[R, R]' = V- ir(S) with each nonzero element of V (= Vf)

of infinite 7r(S)-orbit. Since 'n(S) is a connected semisimple Lie group without

compact factors each nonzero element of V has infinite w(S)-orbit if and only if it

has unbounded 7r(5')-orbit [8, Proposition 8.4].

If (ii) holds, by Theorem 1.2, n(G/[R, R]~) = Vf ■ tr(S) = G/[R, Ry and so

G/[R, R]~ is m.a.p. By Lemma 2.1, G is m.a.p.

(i —> iii). Assume that G is m.a.p. Then G/R is m.a.p., and since it is also

semisimple must have no compact factors (Lemma 1.5(b)). That every nonzero

element of R/[R, R]~ is of unbounded 77(S)-orbit follows immediately from (ii).

If (iii) holds, K = (1) and F = (1), and hence R/[R, R]~ = V and G/[R, R]~

has Levi decomposition, G/[R,R]~ = V■ ir(S) with all nonzero elements of V

(= R/[R, R]~) of unbounded 7r(S)-orbit. By (ii), G is m.a.p.

2A result similar to Theorem 2.2(v) has been stated by Guivarch'.
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(i -» iv). Suppose G is m.a.p. By (iii), G/R has no compact factors. Set A = {r G

R: [G, r] G [R, R]~}. Clearly, [R, R]~ G A because [R, R]~ is contained in R and

is a characteristic subgroup of G. Let x E A. Then [G, x] G [R, R]~. In particular,

[S,x] Q[R, A]-, (3)

then

[77(5), *(*)] = *([S,*]) Ç *([A, A]") = (1). (4)

Thus tt(x) E R/[R, R]~ is 77(s)-fixed. By (iii), the only element of R/[R, R]~ that

is w(S)-fixed is 0. So, tt(x) = 0 and x E ker m = [R, R]~. Therefore, A G [R, R]~

and so equals [R, Ry. This means

[A,A]- -{r€EA: [S, r] G[R,R]~} = {r E R: [G, r] G[R,R]~}.   (5)

Conversely, assume (iv) holds. Then K = (1) and G/[R, R]~ has Levi decomposi-

tion, G/[R, Ry = R/[R, R]~ ■ ir(S). Suppose a nonzero element [R, R]~x G

R/[R, R]~ has finite (and hence trivial) 77(5)-orbit and let • indicate the action of

77(5) on R/[R, R]~ by conjugation. Then

77(5) ■ tt(x) = 77(5)77(^)77(5)"' = tr(x)    foralljG5. (6)

Thus 77([5, x]) = (1) so that [5, x] G ker 77 = [R, R]~. By (5), x G [A, R]~. How-

ever, this is a contradiction since we assumed [R, R]~x to be nonzero in

R/[R, R]~. Therefore, every nonzero element of R/[R, R]~ has infinite and hence

unbounded 77(5)-orbit. By (iii), G is m.a.p.

(i—>v). If (i) holds then by (iv) G/R has no compact factors. If y: G -*

G/[G, G]~ is the canonical projection then y is a continuous homomorphism to a

locally compact abelian group. Since the latter is MAP it must have nontrivial

homomorphisms into a compact group, which can be lifted to G. Since G is m.a.p.

this is impossible unless G/[G, Gy = (1), i.e. G = [G, G]-.

For the reverse we may assume G = R- S is a Levi decomposition, with R

abelian. Let p be an irreducible representation of G. By Clifford's theorem, the

restriction p\R can be written in the form

p\r = Kx © conjugates of x),

where c is a natural number, x is an irreducible representation of R, and up to

equivalence all conjugates of x must occur. Since the irreducible representations of

R are one-dimensional, equivalence means equality. Because p\R is finite-dimen-

sional, x must have a finite number of conjugates, and since G • x is connected, x

must actually be fixed under the action of G. Thus, p\R = vx- Therefore,

p(r) = vX(r)I,        r E R. (7)

Let <j>: G -» C be the continuous homomorphism defined by

<j>(g) = del p(g). (8)

Since C is abelian, <b([G, G]~) = (1). However, by assumption G[G, G]~ and so

<Í>(G) = (1). In particular, upon restricting <b to R we have

<Kr) = det p(r) = 1,       for all r E R. (9)
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This implies that p(r) E SU(«, C) for all r E R. From (7), for every r E R, p(r) is a

scalar matrix and therefore p(r) E Z(SU(«, C)). Hence p(R) is a connected sub-

group of the finite group Z(SU(«, C)), and so p(R) = /.

Consider the following commutative diagram:

G
H      \"

G/R     -»      U(n, C)
p

where 77 is the canonical projection of G onto G/R and p is the representation of

G/R induced from p. Evidently, p must be trivial since G/R is semisimple without

compact factors and so m.a.p. Therefore, p must be trivial and since p was

arbitrary, G is m.a.p. This completes the proof of Theorem 2.2.

In the case of simply connected radical we can say somewhat more.

Theorem 2.3. Assume G is a connected Lie group with Levi decomposition,

G = R- KS.

(a) If G is m.a.p. and R is simply connected, then G = [G, G].

In particular,

(b) // G is m.a.p. and R is abelian or G is simply connected, then G = [G, G].

Proof. We will first prove the result for the special case where F is a vector

group V. By Theorem 2.2(ii),

G = V ■ S with all nonzero elements of V of unbounded 5-orbit. (10)

Calculating for v E V, s E 5,

[v,s] =[(v, 1), (1,5)] =(s-v- V, 1), (11)

where • indicates the action of 5 on F by conjugation. Put H = linear span

{s ■ v — v. s E S, v E V}. H can be seen to be an 5-submodule of V as follows.

For s, t G 5, v G V,

t ■ (s • v — t>) = t ■ (s • v) — t ■ v

= t ■ (s ■ v) — s ■ V + s ■ v — v + v — t ■ V

= [t • (s • v) — s ■ v] + [s • v — v] — [t • v — t>].

Ail expressions in brackets in the last line above are in H so t ■ (s ■ v — v) is also in

H. This shows that H is an 5-submodule of V. Observe that H ¥= (Q) if V # (0)

since 5 acts on nonzero elements of V by unbounded orbits. Suppose V is

irreducible. By (11) the linear span{[t>, s]: s E 5, t> G V) = linear span{i ■ v - v:

s E S, v E V}, and so,

[ V, 5] = linear span{s ■ v - v: s E S, v E V) = H. (12)

Thus, if V is irreducible, [ V, 5] = H = V.

In the case where R = V is not necessarily irreducible, since 5 is semisimple

Weyl's theorem enables us to write V = Wx © • • • © Wk, where each W¡ is an

irreducible 5-submodule of V. We have shown above that for each i, H¡ = linear

span {s- w¡ — w¡: s E S, v E V) is an 5-submodule, respectively, of W¡, with

H¡ ¥= (0) if W¡ ¥^ (0) since 5 acts by unbounded orbits on all nonzero elements of
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W¡. As above, for each /', Hi = Wt. = [ W¡, S], and hence

k k

[ V, 5] = [ Wx © • • ■ © Wk, 5] = 2 [ W„ S] = 2   Wi = ^ (13)
¿=i i=i

We know [5, 5] = 5 is semisimple. From this fact and (13), we see that [G, G]

contains both V and 5, and so must contain V ■ 5, the group generated by V and

5. Since V• S = G, by (10), we conclude that [G, G] contains G and so G =

[G, G].
In the general case, Theorem 2.2(h) implies that R/[R, R]~ is a vector group. By

Lemma 2.1, G/[R, R]~ is m.a.p. and so by the special case proven above for a

m.a.p. group whose radical is a vector group, G/[R, R]~ = [G/[R, R]~,

G/[R, R]']. This implies 77([G, G]) = [77(G), 77(G)] = 77(G). Therefore,

ker 77-[G,G] = G. (14)

But ker 77 = [F, R]~ and [R, R]~ = [R, R] since R is simply connected [12,

Theorem 1.2, p. 135]. Thus ker 77 = [R, R] G [G, G] and (14) becomes [G, G] = G.

This completes the proof of Theorem 2.3(a).

To prove (b) we note that if G is simply connected, then R is simply connected

and so G = [G, G] by (a). The proof of Theorem 2.2 shows that if G is m.a.p. and

R is abelian then it contains no nontrivial torus and hence is simply connected.

Then, G = [G, G] follows again by (a).

Corollary 2.4. // G is a connected m.a.p. Lie group with simply connected radical

R, then R is nilpotent.

Proof. By Theorem 2.3, G = [G, G], and therefore R = R n G = R n [G, G].

R n [G, G] is nilpotent because it is a connected Lie group and its Lie algebra,

S = A n [§, §] is nilpotent [12, Theorem 3.2, p. 128]. Hence, R is nilpotent.

We close by constructing an example of a connected m.a.p. Lie group G where

[G, G]=£ G. This will show that we may not drop the assumption that the radical

of G is simply connected in Theorem 2.3.

Example 2.5. Let H = {(x, y, z, t): x,y, z, t ER} with the manifold structure of

R4 and with its multiplication defined by

(xx,yx,zx, tx)(x2,y2,z2,t2)

= (xx + x2 + zxt2,yx + y2+ azxt2, zx + z2, tx + t2),       (15)

where a is a fixed irrational real number. Let D be the discrete central subgroup of

H consisting of the elements (p, q, 0, 0) with arbitrary integers p and q. Form

HID. We observe that H / D is not simply connected [12, Example 2, p. 140]. Let

/ = D(xx, v„ z„ /,) and m = D(x2,y2, z2, t2) be elements of H/D. We have

l~x = D(-xx + zxtx, -v, + azxtx, -zx, -/,)

and

m~x = D( — x2 + z2t2, —y2 + az2t2, — z2, —t2).
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Thus, using (15),

[l,m] = lml-xm~x

= D(xx, yx,zx, tx)D(x2,y2, z2, t2)D(-xx + zxtx, v, + azxtx, -z„ -tx)

•D(-x2 + z2t2, -y2 + az2t2, - z2, -12)

= D(xx + x2 + zxt2,yx + y2 + azxt2, zx + z2, tx + t2)

■D( — x, — x2 + zxtx + z2t2 + zxt2, —v, — y2

+ a(zxtx + z2t2 + zxt2), -z, - z2, -tx - t2)

= D(zxt2 + zxtx + zxt2 + (z, + z2)(-tx - t2),

a[zxt2 + zxtx + zxt2 + (z, + z2)(-tx - /2)],0, 0).

Simplifying we get

[/, m] = D(zxt2 - z2tx, a(zxt2 - z2tx), 0, 0). (16)

Then, [H/D, H/D] = group generated {[/, m] E H/D), and since a is irrational

(16) implies that

[H/D, H/D]- = {D(x,y, 0, 0): x,y E R). (17)

Consider the action of 5/(2, R) on H defined for

í =
Ml       °12 5/(2, R),

and (x, y, z, t) E H by

i • (x,y, z, t) = (x,y, sxxz + sX2t, s2Xz + s22t). (18)

We have

s-(p,q,0,0) = (p,q,0,0)    for all/7, q, GR,   í G 5/(2, R). (19)

In particular, (15) holds for all p, q, EZ, s E 5/(2, R). Thus, 5/(2, R) acts trivially

on D and we have an induced action of 5/(2, R) on H/D defined by

s- Dh = D(s- A),    for s G 5/(2, R),    Dh E H/D, (20)

where s ■ h is the action of 5/(2, R) on H defined by (18). Using (20) define

G = H/D- 5/(2, R),
Claim, (i) G is a connected m.a.p. Lie group.

(ii) [G,G]^G.
Proof, (i) It is clear that G is a connected Lie group. The radical of G is H/D

and G/(H/D) has no compact factors since 5/(2, R) has none. Since

[H/D, H/D]~ is a characteristic subgroup of G we can consider the induced

action of 5/(2, R) on (H/D)/[H/D, H/D]~. For a = [H/D, H/D]~D(x,y, z, t)

E (H/D)/[H, D, H/D]' and

í =
Ml       J12

s21       ^22
5/(2, R),

s ■ a =[H/D, H/D]D(x,y, sxxz + sx2t, s2xz + s22t). (21)
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Observe that the usual action of 5/(2, R) on R2,

—~   IjijZ   "t~  "]2'>     21 22  /

is such that every nonzero element [zt] E R2 has an infinite, and hence unbounded

5/(2, R)-orbit. Then, from (21), the element a above with z and t not both zero has

unbounded 5/(2, R)-orbit. Such elements, a, are the nonzero elements of

(H/D)/[H/D, H/D]' (see (17)), and so we have shown that 5/(2, R) acts by

unbounded orbits on every nonzero element of (H/D)/[H/D, H/D]-. Hence, G

is m.a.p. (Theorem 2.2(iii)).

(ii) We calculate [G, G]. Let a = D((xx,yx, zx, tx), s) and b = D((x2,y2, z2, t^p)

be elements of G where

Ml        J12

s21        ^22
and   p =

Fn    Fi2

F21    F22

We have

a   ' = D((-xx - zx[s2X(sX2tx - s22zx) + s22(s2xzx - *„/,)],

~y\  ~  «0i[j2iCm2M  - J22¿l) + %(*2t*I  - ^Hm)]}.

sX2tx — s22zx, s2Xzx — slxtx), s    ),

and

b~x = D((-x2- z2[p2X(p12t2 - P22z2) +p22(p2iz2 -put2)],

-y2 - a{z2[p2X(px2t2 - p22z2) + p22(p2xz2 -Fn'2)]}.

px2t2 - p22z2,p2xz2 - Pixt2),p~x).

We have

ab = D((xx + x2+ zxc,yx + y2 + azxc,*, **), sp) (22)

and

a~xb-x = D((-xx -x2-d, -v, - v2 - ad, *', (**)'), s~xp-x)        (23)

and

[a, b] = aba~xb~x = D((xx + x2 + zxc,yx + y2 + azxc, *, **), sp)

■D((-xx -x2-d, -v, - y2 - ad, *' ■ (**)'), ^'f"1)

where c = s2]z2 + s22t2, and

d = zx[s2x(sx2tx - s22zx) + s22(sxzx - sxxtx)]

+ zl[P2l(Pl2h - Pl2Zl) + P2l{P2lZ2 -Fll'2)]

+ [sx2tx  - í22Zl][í2l(Fl2í2 - P22Z2) + stÁPuZ1 _Fll'2)]-

Continuing,

[a, b] = D((zxc - d + [*](s2x(*') + s22(**)'),

a(zxc - d +[*](*2IC0 + *22(**)0. *"> (**)")). ^-'f"')-
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Letting e = zxc - d + [*](s2x(*') + s22(**)'), we get

[a, b] = D((e, ae, *", (**)"), sps'^'1). (24)

From (22), we see that any product of elements [a, b] of the form in (24) will still

have that form. Thus [G, G] = group generated{[a, b]: a, b G G) cannot be equal

to all of G. This completes the proof of the claim.

3. Automorphisms of bounded displacement and homogeneous spaces of finite

volume for minimally almost periodic groups. Recall, as in Tits [24], that an

automorphism, a, of G, has bounded displacement if for all g E G, a(g)g~x lies in

some fixed compact set. Following [7] we define the //-displacement of a as

disp(a, H) = {a(h)h~x: A G H}, and we shall say a has bounded //-displacement

if disp(a, H) lies in a fixed compact set. B(G) consists of those g E G whose

conjugacy class has compact closure. Clearly, an inner automorphism a of G is of

bounded displacement if and only if g E B(G). If p: G -» Gl(W) is a continuous

linear finite-dimensional representation (not necessarily unitary) we call a continu-

ous function <b: G —» W a 1-cocycle (for p) if

*(*i 82) = P„(*(&)) + *Ui)    for a11 tv 82 6 G. (25)

We now prove

Theorem 3.1. A connected m.a.p. Lie group G has no nontrivial automorphisms of

bounded displacement.

Proof. We first prove the theorem for inner automorphisms, that is, we show

B(G) = Z(G). It is clear that Z(G) G B(G). Consider the case where G is a

subgroup of Gl(W) and define the linear representation of G on End(W) by

g^>Pg, where pg(T) = gTg~x for g E G, F G End(W). For each F G End(W),

one gets the (cobounding) continuous 1-cocycle <¡>T: G—*End(W) defined by

<MS) = T - pg(T). If F G B(G) C End(W), then <bT is bounded.

By [18, Proposition 1.6], <bT = 0. That is, F - pg(T) = 0 for every g G G. Hence,

gTg~x = F for every g G G, and so F Ç Z(G). Thus, B(G) G Z(G), and the two

inclusions imply B(G) = Z(G) in that case.

In general, let g0 E B(G). Then the closure of the G-orbit of g0 under conjuga-

tion, OG(g0y, is compact and so Ad(OG(g0)_) is compact. Because Ad is a

representation

Ad(OG(g0)) = OAdG(Adg0)

and therefore {0AdG(Ad g0)}~ is compact. Thus Adg0 G F(Ad(G)). Since Ad G

is a connected linear m.a.p. group we know by the above Adg0 G Z(Ad G), that

is, Ad([ g0, g]) = 1 for all g G G. This says [ g0, g] G ker Ad, and since G is

connected, ker Ad = Z(G), and [g0, g] G Z(G). Consider the map, xp, from G to

Z(G) defined for each g G G by xp(g) = [g0, g] = ago(g)g~x. This map is a

continuous homomorphism of G into the abelian group Z(G). But it is well known

that a locally compact abelian topological group is MAP, see e.g. [12]. This implies

that a m.a.p. group has no nontrivial continuous homomorphisms into a locally

compact abelian topological group. Thus, xl must be trivial. We conclude from this
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that [g0, g] = 1 for all g G G and hence g0 G Z(G). Thus, B(G) = Z(G). This

proves Theorem 3.1 completely for inner automorphisms.

To complete the proof of the theorem we require the following result of J. Tits

[24, Theorem 3].

If G is a connected Lie group having no nondiscrete normal semisimple compact

subgroups, T' the largest compact connected subgroup of Z(G), then given any

automorphism of bounded displacement, a, of G, there exists an element g G B(G)

and a homomrphism without fixed points, except 1, <¡>: G —>T' such that a is

defined by the relation a(x) = gxg~x<¡>(x~x).

Continuing the proof, suppose A is a normal semisimple compact subgroup of G.

If 77: G -> G/[R, R]~ is the canonical projection then 7r(A) is a semisimple

compact subgroup of G/[R, R]~. There is a conjugate of tr(A) by an element of g,

denoted ir(A)g, such that ir(A)s ç 77(5), the Levi factor of G/[R, R]~ (see Theo-

rem 2.2(h)). Since 77(5) has no compact factors the group tr(A)g is trivial. There-

fore, also -n(A) = (1), and A G [R, R]~. But [R, R]~ is solvable and A is semisim-

ple. Hence, A must be discrete and we can apply the above result of Tits.

If a is an automorphism of bounded displacement of G, there exists an element

g G B(G) and a homomorphism <j>: G -> F' without fixed points, except 1, such

that a(x) = gxg~x<b(x~x). Since B(G) = Z(G), g E Z(G) and a(x) = x<b(x~x).

But the m.a.p. group G has no nontrivial homomorphisms into a compact group, so

<¡>, and therefore also a, is trivial.

Corollary 3.2. Let G be a m.a.p. connected Lie group and H a closed subgroup of

G such that G/H has finite volume. If a G Aut(G) leaves H pointwise fixed then a is

trivial.

Proof. By [18, Theorem 3.1], a has bounded displacement. Then, by Theorem

3.1, a is trivial.

In particular for inner automorphisms we have,

Corollary 3.3 (H. Furstenberg [4, Corollary 3]). // G and H are as in

Corollary 3.2, then ZG(H) = Z(G).

Finally we have the following generalization of Corollary 3.2.

Theorem 3.4. Let G be a m.a.p. connected Lie group and H a closed subgroup of G

such that G/H has finite volume. If a is an automorphism of G and disp(a, H) is

bounded, then a is trivial.

Proof. Since Z(G) is a characteristic subgroup of G, a(Z(G)) G Z(G) and so a

induces an automorphism, ä, of G/Z(G) cs Ad(G). Consider the diagram below.

G      4.     Ad(G)

J J 77: G^G/Z(G)^Ad(G).
H      -*       w(H)

Ah

Since G/H has finite volume, Ad(G)/m(Hy has volume [7, Corollary 2.10] and

disp(a, //) being bounded implies that disp(á, 77(//)~) is bounded. Since Ad(G) is
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a linear m.a.p. group, a must have bounded displacement [7, Theorem 5.2]. Then,

by Theorem 3.1, à is trivial. This means that for every g G G, a(g)g~x is in Z(G).

Define the continuous map <b: G -> Z(G) by (¡>(g) = a(g)g~x, g E G. Since </> takes

values in Z(G) it is a homomorphism. But G has no non trivial continuous

homomorphisms into an abelian group. Therefore, a is trivial.

4. Extensions of results on minimally almost periodic groups to locally compact

connected groups.3 Given a locally compact connected group G, following K.

Iwasawa [14, Theorem 1.5], we let R denote the radical of G, i.e. the largest (closed)

normal connected solvable subgroup of G. In this situation we have the following

decomposition theorem due to Y. Matsushima [16, Theorem 1], G = R ■ KS, where

K is a compact connected subgroup with trivial radical and 5 is a semisimple Lie

subgroup without compact factors, [K, 5] = (1) and K n 5 is a finite group.

As in the case of Lie groups, we let the characteristic subgroup [R, R]~, of G,

denote the closure of the derived of R and we again form the canonical projection

77: G -> G/[R, R]~. The connected abelian radical, R/[R, R]~, of G/[R, R]~, can

be written as V X P, where V is a vector group and F is a compact group, the F

being characteristic in G/[R, R]~. Since F is a compact abelian group, the

automorphism group of F, Aut(F), is totally disconnected [14, Corollary p. 14].

Arguing now as in the introduction of §1, we see that F is centralized by tT(KS).

Lemma 4.1. If G = R ■ KS and 77(5) = (1) we can replace V in the decomposition

above by a vector group of the same dimension, also to be denoted as V, which is

-ïï(K)-stable.

Proof. Since 77(A"5) = 77(^) is a compact subgroup of Aut(F X F) leaving F

fixed, the conclusion follows immediately from [11, Theorem 1.1].

Hereafter, whenever 77(^5) = tt(K), we will assume that V is 77(Ä")-stable.

Definition 4.2. Let G be a locally compact connected group. It is well known

that G = lim Ga (projective limit) of connected Lie groups Ga. If every G„ is

semisimple we call Ga aprosemisimple group.

It has been shown in [17, Corollary 2.5] that the above definition is an intrinsic

one, that is, if G = lim Ga is prosemisimple and also G = lim Hß, then each Hß

must be a (connected) semisimple Lie group.

Definition 4.3. If G = R ■ KS is the decomposition above and if 77(5) = (1), we

let Vf denote the set of all elements of V which have finite 77(Ä")-orbit.

As in §1, Vf is a,normal subgroup of G/[R, R]~, and the connectedness of 77(AT)

implies that each element of Vf is actually 77(ÄT)-fixed. We will show that one may

choose a 77(/Q-stable complement for V¡ in V, denoted Vf.

Let 77(Ä") = lim Ka. Since the radical of -rr(K) is (1), we conclude by [17, Theorem

2.11] that tt(K) is prosemisimple and therefore each Ka is a semisimple Lie group.

Let p:ir(K)^> Gl(V) be the continuous homomorphism induced by the action of

it(K) on R/[R, R]~ restricted to V. By [17, Lemma 2.2] there exists an a and a

3Unfortunately in this section we do not calculate n(G) as in §1. Our results in §4 will be pursued

further.
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compact subgroup Ca such that Ka = tr(K)/Ca and p(Ca) = (1), i.e., p induces a

continuous homomorphism p of Ka such that the following diagram commutes.

v(K) A     Gl(V)

«•„4, /
■n(K)/Ca = A.

Thus, we may consider p as a (unitary) representation of the compact group Ka on

V. Since Vj is 77(A)-stable, it is therefore ^-stable, and now Weyl's theorem

enables us to find a Aa-stable, and therefore 77(A")-stable, complement in V written

as Vf, which as before is normal in G/[R, R]~.

Corollary 4.4. If G = lim Ga is a locally compact connected group, then G is

m.a.p. if and only if each Ga is m.a.p.

Proof. Suppose that each Ga is m.a.p. and let p be an irreducible representation

of G. By [17, Lemma 2.2], for some a, p induces a representation p, of G0, such that

p ° 77a = p. Since Ga is m.a.p., p is trivial and hence p is trivial. Therefore, G is

m.a.p. The converse is clear.

Lemma 4.5. // G is a locally compact connected group with decomposition G = R-

KS, then both S and [R, R]~ are contained in «(G). If R is abelian, and S = (1) then

Vf is also contained in «(G).

Proof. Let G = lim Ga with 77a : G ^ Ga the corresponding projections, and let p

be an irreducible representation of G. Then p induces a representation p of some

Ga. We have p([F, R]) = p>a([A, R])) G ~p([Ra, AJ) = (1) (by Lemma 1.3). There-

fore, p([R, R]) = (1), and by continuity p([R, R]~) = (1). Hence, [R, R]~ G n(G).

The remainder of Lemma 4.5 is proven exactly as in Lemma 1.3. This completes

the proof.

Lemma 4.6. If G is a locally compact connected group, then G is m.a.p. if and only

if G/[R, R}~ is m.a.p.

Proof. This is proven exactly as in the Lie group case by first showing

«(G) = 77~'(«(G/[F, R]~)) (see proof of Theorem 1.1) and then applying the

argument of Lemma 2.1.

The next theorem generalizes Theorem 2.2 to locally compact connected groups.

Theorem 4.7. Let G be a locally compact connected group. Then the following are

equivalent.

(i) G is m.a.p.

(ii) G/[R,R]~ can be written as V■ 77(5) with all nonzero elements of V of

unbounded 77(5)-orbit. (Inparticular, G/[R, R]~ is a (m.a.p.) Lie group.)

(iii) G/R is a semisimple Lie group without compact factors and every nonzero

element of R/[R, R]~ is of unbounded m(S)-orbit.

(iv) G/R is a semisimple Lie group without compact factors and [R, R]~ = {r G

R:[G,r]G[R,R]-}.

(v) G/R is a semisimple Lie group without compact factors and G = [G, G]~.
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Proof. Let G/R = lim//a with corresponding projections 77a: G/R -* Ha. (i) ->

(ii). Suppose G is m.a.p. Then, G/R is m.a.p. and therefore each Ha is also m.a.p.

(Corollary 4.4). Thus, every connected Lie group Ha is m.a.p. and semisimple, and

therefore has no compact factors (Lemma 1.5(b)). Let M be a compact connected

normal subgroup of G/R. For each a, ira(M) is a compact connected normal

subgroup of Ha and so -na(M) = (1) and we have M G C] a ker 77a = (1). Hence,

M = (1) and so G/R has no nontrivial compact connected normal subgroups.

Therefore, K = (1) and G = A • 5. This implies that G/R is a semisimple Lie

group without compact factors. The group G/[A, R]~ is m.a.p. since G is m.a.p.,

and we have written its connected abelian radical R/[R, R]~ as V X P. We have

seen that the compact connected group F is fixed under the action of tr(KS). Since

F is also abelian and commutes with V it must be contained in Z(G/[R, A]~)0, the

identity component of the center of G/[A, A]-. We see that G/[A, A]-

= lim G„/[Aa, ÄJ- (G = lim Ga and for each a, 4>a: G/[R, A]" -* Ga/[Aa, AJ"

will be the corresponding projection), and each Ga/[Ra, Ra]~ is a connected m.a.p.

Lie group (Lemma 4.1), with abelian radical Ra/[Ra, Ra]~■ Hence by Theorem 1.2,

for each a,

GJ[K, K]~ = <GJ[Ra, Ray) = (Va)ffa(Sa), (26)

where Ga/[Ra, Ra]~~ = Ra/[Ra, Ra]~ ■ *a(5a) is the Levi decomposition of

Ga/[Ra, Ra]~ (#„: Ga -h> Ga/[Ra, Ra]~ is the canonical projection), and

Ra/[Ra, Ra]~ = Va X Ta, Va a vector group, and Ta a toroidal group. From (26),

(K)f = (1) and since for each a, Z(Ga/[Ra, Ra]~)0 G (Va)f = (1) and

<ba(Z(G/[R, R]-)o) £ Z(Gj[Ra, Äj-)0 we have Z(G/[R, Ry)0 G R ker <ba =

(1). Thus F = (1), and R/[R, R]~ = F is a vector group. Thus, G/[R, A]- = V-

77(5) is a Lie group and it is m.a.p. since G is m.a.p. We apply the argument of

Theorem 2.2 (i —» ii) to complete the proof of (ii).

Conversely, assume (ii) holds. Then G/[R, R]~ is a Lie group and by Theorem

2.2 (ii —> i), it is m.a.p. By Lemma 4.6, g is also m.a.p.

(i—»iii). Assume that (i) holds. By (ii) above, G/R is a semisimple Lie group

without compact factors. The remainder of (iii) is shown as in Theorem 2.2 (i —» iii).

Conversely, if (iii) holds, then K = (1), and F = (1) since F is 77(A5)-fixed.

Therefore, G/[R, R]~ = K-77(5) with all nonzero elements of V of unbounded

77(5)-orbit. By (ii), G is m.a.p.

(i —* iv). Assume that G is m.a.p. From (iii), G/R is a semisimple Lie group

without compact factors. Exactly as in Theorem 2.2 (i -» iv) we show that [R, R]~

= {r E R: [G, r] G[R, R]~). Conversely, if (iv) holds, we apply the argument of

Theorem 2.2 (iv —> i).

(i—»v). If (i) holds, by (iv), G/R is a semisimple Lie group without compact

factors. To see that G = [G, G]~, argue as in Theorem 2.2 (i —> v). In the other

direction, see Theorem 2.2 (v —> i).

This completes the proof of Theorem 4.7.

We conclude this paper with an alternate, and quite simple proof of the

following well-known result.



420 SHELDON ROTHMAN

Corollary 4.8 (Freudenthal-Weil [3, p. 129]). A locally compact connected

group G is MAP if and only if G is the direct product of a vector group and a compact

group.

Proof. Let G be MAP with decomposition G = R • KS. Here, «(G) = (1), and

by Lemma 4.5 both 5 and [R, R]~ are contained in «(G), whence [R, R]~ = 5 =

(1). Then, R is abelian and so by Lemma 4.5, Vf G «(G). Thus, Vf = (1),

V - Vfi and G = ( V X P) ■ K. Because G = V ■ PK and both V and PK are

closed subgroups and V n PK = (1) with PK central in G, therefore G = V X

PK. Thus, G is the direct product of a vector group and a compact group.

Conversely, let G = V X M, with V a vector group and M a compact group. By

Proposition 1.6, «(G) = «(F) X n(M) and since both V and A/ are MAP, «(G) =

(1).
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